A database of 641 fall cone tests on 101 soil samples from twelve countries has been analysed to determine the best mathematical relationship linking undrained shear strength with liquidity index. From the database, it is shown that the use of a linear relationship linking liquidity index and the logarithm of undrained shear strength that uses the commonly assumed 100-fold factor increase in strength from liquid to plastic limit over-predicts the measured data of soil strength. The use of a factor of about 35 for the ratio between the strength at liquid limit and that extrapolated to plastic limit is shown to be more realistic. Logarithmic liquidity index is examined and found to also correlate strongly with the logarithm of undrained shear strength, however it is shown that no great statistical improvement is present compared with the semilogarithmic formulation. When considering data of individual soils a power law fitting is shown statistically to be the preferred mathematical function.
described seven qualitative limits that describe changes in the behaviour of cohesive soils with varying water content. The original terms from the German and Swedish versions of Atterberg's paper and the translations given by Casagrande (1932) are shown in Table 1 . Of these limits, only the liquid and plastic limits, which determine the range of plastic behaviour of the soil, and the shrinkage limit have remained in common usage; the liquid limit being an assessment of the water content at which the soil begins to flow and the plastic limit test being an assessment of the brittle/ductile transition of the material. Whilst standardised tests for the liquid limit correspond to a fixed strength in the case of the fall-cone test, (Koumoto & Houlsby, 2001) , or a fixed specific strength (Haigh, 2012) in the case of the percussion test, the thread-rolling plastic limit test does not correspond to a fixed value of shear strength (Whyte, 1982; Haigh et al. 2013 ).
The measured values for the liquid and plastic limits of soils are widely used as index parameters. They are used to compute the plasticity index, which can be empirically correlated against many soil properties in geotechnical design. Perhaps the most famous of these correlations is Casagrande's A-line which classifies soils into clays and silts based on a correlation between soil type and a combination of liquid limit and plasticity index (Casagrande, 1947) . The plasticity index has been used to predict undrained shear strength (Skempton, 1954 and ; the ratio of strength to Standard Penetration Test (SPT) blowcount (Stroud, 1974) and even critical state Cam-Clay parameters (Schofield & Wroth, 1968; Lawrence, 1980 and Nakase et al., 1988) .
The undrained strength of clays has been widely related to the liquidity index I L , defined by equation (1): (1) Houston & Mitchell (1969) proposed the limits on the remoulded strength of clay shown in Figure 1 based on data extracted from the literature. Latterly, several authors have proposed relationships between strength and liquidity index, while not explicitly recognising the band of strengths which exists in the data. Schofield & Wroth (1968) upon examination of vane shear test data from Skempton & Northey (1952) made the observation that 'from these data it appears that the liquid limit and plastic limit do correspond approximately to fixed strengths which are in the proposed ratio of 1:100'. Based on this observation, Wroth & Wood, (1978) proposed equation (2) 
This equation implies that the undrained shear strength of soil should be 1.7 kPa at the liquid limit and 170 kPa at the plastic limit. An alternative correlation (equation 3) was proposed by Leroueil et al. (1983) :
. kPa 0.5 < I L < 2.5
Whilst this equation fits the collected data presented in Leroueil et al (1983) well between liquidity indices of 0.5 and 2.5, it should obviously not be extrapolated below these values, as it predicts infinite strength at a liquidity index of 0.21. Locat & Demers (1988) suggested equation (4) for computing strengths at high liquidity indices. This equation was said to be valid for the range 1.5 < I L < 6.0.
. . kPa 1.5 < I L < 6.0
For comparative purposes, Equations (2), (3), (4) are plotted on Figure 1 for the ranges in which they were reported to be valid in the original publications. O'Kelly (2013) also recently reviewed some of the many proposed empirical relationships linking water content and undrained shear strength.
Equation (2) was re-written by Wood (1990) in the form shown as equation (5):
(5) Wood (1990) On closer examination of the original vane shear test data from Skempton & Northey (1952) used to justify the assumption of R MW = 100, even for these four clays the R MW value ranges from approximately 70 to 160.
In this paper, it will be demonstrated, based on a large database, that the R MW value not only varies between soils but that an average value of around 35 is more appropriate (when invoking a semi-logarithmic relationship between strength and liquidity index), substantially less than the commonly assumed factor of 100. Fall cone strengths predicted from equation (2) may be un-conservative, especially at water contents closer to plastic limit. A detailed analysis comparing the standard semi-logarithmic relationship and the power relationship linking fall cone undrained strength with water content will also be conducted.
3 (1911a, 1911b) proposed a method for measuring the liquid limit of soils based on the stability of a groove in a clay bed when the soil container was struck on the hand. This method was standardised by Casagrande (1932) into the percussion technique which he subsequently criticised for its cumbersome nature (Casagrande, 1958) . The method essentially relies on the inducement of a slope failure as the cup is 'tapped' -the water content when the 'canal' fails after 25 blows is the liquid limit.
LIQUID LIMIT AND UNDRAINED STRENGTH

Casagrande's Liquid Limit
Atterberg
It was recognised by Wroth (1979) and Wood (1990) . As soil density decreases with increasing water content, a soil with a high w L will exhibit a lower strength at liquid limit than those soils with lower liquid limits.
The Fall Cone Test
The fall cone test, developed by John Olsson in 1915 in Sweden, (Olsson, 1921; Hansbo, 1957 and Bjerrum & Flodin, 1960 ) is a direct measurement of soil shear strength. This test was modified by Laboratoire Central des Ponts et Chaussées (LCPC) for bitumen testing (LCPC, 1966) and was introduced to the United Kingdom as a test for soils by Sherwood & Ryley (1970) . This test has become the standard test for liquid limit in the United Kingdom (BS1377, 1990 ) and a test supported in the Canadian practice (CAN/BNQ 1986; Leroueil & Le Bihan, 1996) . It is a mechanical test which removes the judgement that is required to determine failure when using the Casagrande cup but has been calibrated to give essentially the same results.
The British Standard test as described in BS1377 (1990 is essentially a hardness test in which an 80 gram cone with a 30 o cone angle penetrates 20 mm into a sample of soil. The soil strength at this point is reported in the literature to fall in the range 0.7 to 2.65 kPa and was taken to be at the centre of this range, (1.7kPa),
by Wroth & Wood (1978) . This strength criterion will be used in the analysis presented in this paper. Koumoto & Houlsby (2001) give a detailed theoretical analysis of the mechanics of the fall cone test. This analysis shows the sensitivities in the test (cone angle, cone bluntness, surface roughness of the cone and cone heave).
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The fall cone test can equally be used to measure the shear strength of soils at a range of water contents between liquid and plastic limits (e.g. Hansbo, 1957; Kyambadde, 2010 and Kyambadde & Stone, 2012) . At low moisture contents, the high strength of soils can cause problems due to low penetration with the standard cone. This problem has been addressed using pseudo-static cones that are mechanically driven into the soil (e.g. Stone & Phan, 1995; Stone & Kyambadde, 2007 ).
Hansbo (1957) presented equation (6) which is used to derive undrained shear strength values from the fall cone test:
If we consider the British Standard test, the liquid limit occurs when an 80 gram cone penetrates by 20 mm.
If we assume that this corresponds to a strength of 1.7 kPa, a K value of 0.867 results. The values of strength predicted using K equal to 0.867 are as reliable as this assumed strength at liquid limit. The liquid limits obtained from the Casagrande cup and the British Standard fall cone test will not necessarily coincide owing to the different physical parameter being measured. In this paper liquid limit is determined only using the British Standard fall cone test for all the clays studied. The undrained shear strengths that result from using equation (6) are remoulded soil strengths and do not account for soil structure, fabric and overconsolidation level in the way that triaxial or direct simple shear testing can.
Rate effects in the fall-cone test
As different testing methods such as the laboratory vane or tri-axial testing impose different deformation mechanisms and strain rates on the soil sample, this will result in different strengths being measured using differing methods. The strength data analysed in this paper were hence taken only from fall-cone testing using a British Standard cone, in order to ensure that differences between testing methods did not distort the data.
Despite the data analysed in this paper being derived solely from standard fall-cone testing, there is still a potential rate effect in the data owing to the differing penetrations of the fall-cone at different soil strengths.
In order to quantify this effect, the variation of fall-cone velocity must be investigated. If we assume equation 6 to hold with a constant cone factor, it can be shown that the equation of motion for the cone is:
Integrating equation (7) gives:
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The maximum value of this velocity can be shown to be:
As the maximum velocity is hence inversely proportional to the fourth root of the soil strength, c u , the effect of this on the data presented here can be quantified. If in the plastic range, the soil strength was expected according to equation (2), to vary by a factor of approximately 100, the maximum velocity might hence vary by a factor of around 3. Ladd & Foott (1974) based on a synthesis of data published prior to that time stated that strength increases with strain rate at 10 ± 5 per cent per log-cycle for tri-axial compression tests. Kulhawy & Mayne (1990) processed data collected from sixteen publications and showed statistically that the ten per cent increase per log-cycle could be justified based on data of 26 clays tested in triaxial compression. This relationship can be written in the dimensionless form shown in equation (10) Vaid & Campanella (1977) and Lefebvre & Leboeuf (1987) formulated an equation functionally equivalent to equation (10).
Assuming a strength increase of ten per cent per log cycle, (equation 10), we might expect to see a five per cent greater enhancement of strength measured at the liquid limit due to strain rate effects than would be observed at the plastic limit. This five per cent variation is insignificant within the scope of this paper.
DATABASE OF FALL CONE TESTS
Given that neither the log-log nor the conventional log-linear relationships between liquidity index and penetration depth (or c u ) have a theoretical basis, the most appropriate way to evaluate these approaches is via a statistical analysis of a large database of results. Fall cone data on a variety of soils were collected from published literature. The sources of the data analysed are summarised in Table 2 . The vast majority of the soils in the database are reconstituted soils from natural deposits. Some authors also reported data of commercially produced kaolin and bentonite -these have also been included in the database. The following criteria were set when sourcing data for inclusion in the database: 6 1. The fall cone readings must be taken using the standard British cone (80 gram, 30 o cone angle). Plastic limit from the thread rolling test must be available so that liquidity index can be calculated 2. Fall cone readings must be available for water contents on both sides of liquid limit so that w L can be accurately calculated (at a cone penetration of 20 mm)
3. In order to exclude potentially brittle samples, fall cone results were excluded that had a water content less than plastic limit plus three per cent, as this is the reported repeatability of the thread rolling test (Sherwood, 1970) . Brittleness of dry samples subjected to fall cone testing may lead to exaggerated penetration distances being recorded, equation (6) only being valid for ductile materials. This can be observed in the data of Campbell (1976) who showed dramatically increasing penetration distances for soils at water contents below plastic limit.
Some data were excluded from the database owing to their violation of the conditions set above, the details of these exclusions being outlined in Table 2 . The resulting database for analysis contains 641 fall cone measurements on 101 soils from 12 countries. It should be noted that around half of the database is from one source (Kyambadde, 2010) . While there is a possible systematic bias in plastic limit readings of up to plus or minus three per cent due to operator sensitivity (Sherwood, 1970) , the overall trends described later in the paper hold with or without inclusion of this half of the database. It was hence concluded that no significant bias was introduced by this significant dependence on a single source of data. It is worth noting that the plus or minus three per cent uncertainty in water content at plastic limit can have a significant effect on calculation of liquidity index for soils with low I p close to the plastic limit. However, due to the size of the database presented in this paper, this should not significantly impact on the correlations derived. Figure 3 shows the database soils (with the exception of three very high plasticity bentonitic soils) plotted on the Casagrande chart. None of the soils plot above the U-line (Howard, 1984) which indicates that the dataset conforms to the general correlation framework proposed by Casagrande (1947) .
STATISTICAL ANALYSIS
When performing regression analysis, simply quoting R 2 does not give sufficient information to determine the validity of the correlation (e.g. Kulhawy & Mayne, 1990) . In addition to the scatter-plots showing the correlation to the original data, the following pertinent statistical measures quoted for the analyses presented 7 in this paper are defined below and unless otherwise stated the definitions and notation are consistent with those presented in Montgomery et al (2004) :
 Number of data points used in the regression, n  The smallest level of significance that would lead to the rejection of the null hypothesis, p
The coefficient of determination, R 2 is calculated using equation (11):
e i = i th calculated error between the observed and predicted y-value;
In percentage terms, ( 100R 2 ) is the percentage of variability explained by the model. For example, a regression with R 2 of 0.4 can be interpreted as explaining 40% of the variability in the data.
The number of data points (n) is essential for testing the quality of the regression. This quantity is quoted as it is linked to the p-value which is the probability that the null hypothesis (no correlation) applies. The more data points there are in a regression, the lower is the R 2 needed to have a high probability of correlation.
The p-values quoted are taken from Paradine & Rivett (1953, p.276) . For example, a regression with 20 data points (18 degrees of freedom, two-sided tests assumed) and an R 2 of 0.68, a p-value of 0.001 is calculated.
This means that there is a 1 in 1000 chance that no correlation exists. Importantly, this does not mean that there is a 99.9 per cent chance that the trend line drawn is valid, just that there is a correlation between the two variables.
The standard error of a regression is a measure of the error in the prediction of y for an individual x and can be estimated by equation (14) or by using the STEYX function in MS Excel:
.
Finally, the relative deviation (Waters & Vardanega, 2009 ) is essentially the ratio of the deviations about the fitted line to the deviations about the mean y-line and is given by equation (15):
The relative deviation is a more sensitive parameter when the scatter about the fitted line is smaller. It is most useful when comparing relationships with high R 2 values, as is the case in the analysis presented here.
STRENGTH VARIATION (INDIVIDUAL SOILS)
The traditional model used to interpret fall-cone data, hereafter referred to as the semi-logarithmic model is given by:
Equation (17) shows that the quantity H (from equation 16) is directly linked to the value of R MW in equation (3) via the plasticity index:
(17) Kodikara et al (1986) , (2006), Feng (2000) , (2001) and Koumoto & Houlsby (2001) proposed the use of a double logarithmic model to describe fall cone data, hereafter referred to as the power model, given by: * *
Shimobe (2010), with the aim of predicting plastic limit from fall cone testing, analysed a large database of results and also adopted the power model.
Using a large database we can study whether one model has superior predictive capacity to the other. Table   3 summarises the model parameters and statistical measures that result from fitting equation (16) and equation (18) to the fall cone versus water content data for the 101 soils in the database.
Examination of the data in Table 3 shows that of the 101 soils in the database, 16 show superior coefficients of determination and relative deviation values when the semi-logarithmic model is fitted to the data. In the remaining cases the best model for predictive capacity is the power model. The mean error for the semi-logarithmic model was calculated to be 10.01 per cent on c u with a standard deviation of 9.36. This reduces to 7.72 per cent on c u with a standard deviation of 7.16 for the power model. While it is clear that the power model is superior statistically it does not present a hugely significant practical improvement.
Typically, fall-cone tests would be conducted when measuring the liquid limit of a soil, and it would be attractive to be able to use these data to predict strengths in the plastic range. Extrapolation using the results from a liquid limit test should be performed with extreme caution. BS1377 suggests that the liquid limit be 9 determined from penetrations in the range 15-25 mm. Extrapolating using the data in this range to strengths closer to the plastic limit can produce large errors, regardless of which model is used to describe the variation of strength with water content.
STRENGTH VARIATION (ENTIRE DATABASE)
Semi-logarithmic relationship
It is possible that the improvement when using the power model as opposed to the traditional semilogarithmic model for individual soil test data is not as marked when analysing the entire database. The semi-logarithmic relationship (equation 5) used in the seminal paper Wroth & Wood (1978) relates liquidity index to the undrained shear strength directly via:
Regressions are constructed by plotting liquidity index against the logarithm of undrained shear strength for the entire dataset. Figure 4 shows such a regression for the 101 soils in the database. Figure 5 shows the accompanying predicted versus measured plot.
The resulting regression equation is:
1.150 0.283 ln kPa
The regression line (equation 19) was adjusted such that it passes through c u equal to 1.7 kPa at liquid limit:
this did not reduce the coefficient of determination by any significant amount (the adjustment affected the third decimal place of the R 2 value). Rearranging (as shown in the Appendix) to the form shown in equation (5) we get:
Since the R MW value yielded by the best-fit regression for database is around 35, the slope implied by the assumption an 100-fold strength increase between liquid and plastic limit appears unconservative (by almost a factor of 3).
The correlations shown in this paper are also supported by another published database. Noting that equation (16) can be re-arranged to give:
From equation (20) it can be shown that:
. .
Interestingly, Sridharan et al (1999) correlated the plasticity index with the slopes of liquid limit test data and observed that for a database of mainly Indian clays:
Equivalent to:
As c u is proportional to penetration depth d squared, this can be rearranged to give:
The close agreement between the factor 3.54 in equation (22) and 3.45 in equation (25) gives further evidence for this trend of changing strength with water content, beyond that seen in the database presented
here.
An R MW value of 35 would imply a strength at plastic limit of around 60kPa -although the plastic limit test itself is not a measure of strength (Haigh et al 2013) . The plastic limit does not occur at a fixed shear strength, being solely the onset of brittleness, so a range of results is observed. In the database presented in Haigh et al (2013) the median strength at plastic limit was reported to be 132 kPa with a mean value of 152 kPa and a standard deviation of 89 kPa. This corresponds to a mean increase of strength by a factor 89 between liquid and plastic limits. This value is greater than that given by equation (20) , as the strength at water contents close to plastic limit exceeds that predicted by the equation. Equation (20) is hence not valid at liquidity indices below 0.2 where few data-points are present. There is also considerable curvature in the data at I L values above around 1.1 and therefore it is also suggested that equation (20) 
Logarithmic Liquidity Index
Before adopting a semi-logarithmic model to describe a general equation linking undrained shear strength and liquidity index, it is also acknowledged that the analysis in the previous section did favour a power model when considering data of individual soils. Examination of the database shows that there is some curvature in the data when it is plotted on linear axes, so a log-log relationship should also be investigated.
However, a log-log plot of liquidity index and undrained strength will inevitably run into difficulty as the plastic limit is approached since log 0 → -∞. Koumoto & Houlsby (2001) explain that if a power model is to be used then a 'logarithmic liquidity index' needs to be defined.
From Figure 6 it can be shown that:
Therefore, using the definition of logarithmic liquidity index from Koumoto & Houlsby (2001) :
(27) Figure 7 shows the logarithm of undrained shear strength plotted against the logarithmic liquidity index. The following best fit regression equation is determined:
1.120 0.226 ln
As with equation (19), the above equation was adjusted such that c u at liquid limit is equal to 1.7 kPa.
Equation (28) 
Rearranging equation (28) to a form analogous to that shown in equation (5) we get: Figure 8 shows the predicted versus measured plot for the whole database using equation ( 
Comparison of models
13 (35) The minimum value of  in the database is 1.21, the average value being around 2.4. On Figure 9 , equation (35) is plotted with varying values of  (1.9, 2.4 and 2.9), those representing the mean value and one standard deviation above and below the mean. The curvature of the data at the extremes of the dataset is better accommodated using equation 35 with  = 2.4 (the average of the soils in the database). Having said this, when attempting to relate I L to c u in the range 0.2 < I L < 1.1 the predictions are not greatly improved by using the logarithmic liquidity index and in this range equations (20 and 30) are functionally equivalent.
CONCLUSIONS
A database of 641 fall cone measurements of 101 soil samples has been presented and analysed to study the variation of fall-cone undrained shear strength with liquidity index. In summary:
(a) The 100-fold strength increase between liquid and plastic limit, when used in the semi-logarithmic relationship between undrained strength and liquidity index (Wroth & Wood, 1978) seems to be unduly high, with a ratio of 35 being a superior fit to a large database of results. A modified equation based on that given by Wroth & Wood (1978) and Wood (1990) , is proposed that represents a superior fit to the collected data:
This equation is supported independently by the database of Sridharan et al (1999) .
(b) While it was postulated by Wood (1990) that R MW might be a function of soil mineralogy (being greater for montmorillonitic soils than for kaolinitic ones): analysis of this large dataset did not reveal this trend.
(c) The power model to describe the variation of fall cone shear strength and water content suggested in Kodikara et al (1986 Kodikara et al ( , 2006 Feng (2000 Feng ( , 2001 and Koumoto & Houlsby (2001) can present a marginal statistical improvement over the conventional semi-logarithmic approach when fitting data for a particular soil. After examining the results of individual soils in the database it is clear that statistically a power-law fitting is preferred in the majority of individual soils. (20) and (30) are derived from analysis of a large database of fall cone test results and are functionally similar in the range 0.2 < I L < 1.1. Both of the equations offer a better statistical fit to the database than the Wroth & Wood (1978) formulation in the range 0.2 < I L < 1.1.
APPENDIX
Equation (19) has the form:
Therefore,
Equation (40) has the same form as equation (5) where,
The algebra to transform equation (28) to equation (30) has the same form. 
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